There is a few results about the global stability of nontrivial solutions to quasilinear wave equations. In this paper we are concerned with the uniqueness and stability of traveling waves to the time-like extremal hypersurface in Minkowski space. Firstly, we can get the existence and uniqueness of traveling wave solutions to the time-like extremal hypersurface in R 1+(n+1) , which can be considered as the generalized Bernstein theorem in Minkowski space. Furthermore, we also get the stability of traveling wave solutions with speed of light to time-like extremal hypersurface in 1 + (2 + 1) dimensional Minkowski space.
Introduction and main results
The extremal surface in Minkowski space is the C 2 surface with vanishing mean curvature. The time-like extremal surface is an interesting model which may be viewed as simple but nontrivial examples of membrane in field theory. The equation to time-like extremal hypersurface in 1 + (n + 1) dimensional Minkowski space are as follows
(1.1)
where
is the scalar function, t is the time variable and x = (x 1 , · · · , x n ) is the space variable.
In this paper, we will give the uniqueness and stability of the traveling wave solution to the time-like extremal hypersurface in Minkowski space. There are two main parts. Firstly, we will give the existence and uniqueness of traveling wave solution to time-like extremal surface in Minkowski space, which is correspondent to the famous Bernstein theorem of minimal surface in R n . The classical Bernstein Theorem is solved by Bernstein in three dimensional Riemanian manifold [6] . It was proved in dimensions up to 8 by [33] , [18] , [12] , [3] , [38] , [7] . For the space-like maximal surface in a n-dimensional Lorentzian manifold, there is the similar Calabi-Bernstein theorem, which was first proved by Calabi in [9] , and extended to the general n-dimensional case by Cheng and Yau [10] . We can also refer to [23] , [34] , [15] [16] [17] , [36] , [4] . Now we will consider the Bernstein type theorem of the system (1.1) and find out the representation of traveling wave solution. We assume that there exists a traveling wave solution of the form f (x − ct), where f is scalar funtion. Without loss of generality, let the generalized velocity is c = (0, · · · , 0, c), c 0.
Therefore, system (1.1) can be rewritten as
When |c| < 1, let x ′ n = 1 √ 1−c 2 (x n − ct), the above system (1.3) can be rewritten as
(1.4)
. Then, system (1.4) can be considered as the equation to minimal surface in R n . By Bernstein theorem of minimal surface in Euclidean space, f (x − − → c t) is the linear function of x 1 , · · · , (x n − ct) for n ≤ 8. Then, we can get the affine solutions of time like extremal surface f = a 1 x 1 + · · · + a n x
For the stability of this kind of flat plane solution for time-like extremal surface in Minkowski space, Allen et al. gave the positive answer about its stability in [1] .
When c = 1, we can get
Therefore, the system (1.3) can be rewritten as
Then, the equation (1.5) can be considered as the minimal surface equation in R n−1 , which is independent of the n-th variable. Using Bernstein theorem in Euclidean space, we can get f (x 1 , · · · , x n ± t) = (a 1 x 1 + a 2 x 2 + · · · + a n−1 x n−1 + b)F(x n ± t).
(1.6)
We can easily check the following form f (x 1 , · · · , x n ± t) = a 1 x 1 F 1 (x n ± t) + a 2 x 2 F 2 (x n ± t) + · · · + a n−1 x n−1 F n−1 (x n ± t) + bF n (x n ± t) (1.7)
is also the exact solution of time-like extremal surface equation, where F i (i = 1, · · · , n) are C 2 functions.
Remark 1.
In Minkowski space R 1+(1+n) , the authors [24] gave the coefficient and necessary condition of the global classical solution to time-like extremal surface in one dimensional space. Liu and Zhou gave the asymptotic behavior to global classical solutions, which tends to the combinations of traveling wave solutions [26] and got the exact solutions of the traveling wave solutions with the form φ(x ± t). The authors also got the stability of traveling wave solution to Cauchy problem to the equation of timelike extremal surface in Minksowski space R 1+(1+n) [30] . The global existence of the initial boundary value problem of timelike extremal surface equation was studied in [28] and [29] .
Remark 2. In this case, we get the exact solutions with the form as (1.6) or (1.7) for n ≤ 9 for time-like extremal hypersurface in Minkowski space. It is different to the Bernstein theorem of minimal surface. In the second part in this paper, we will also consider the global stability of traveling wave solution having the special form with the speed of light.
Using the variable transformation x ′ n = 1 √ c 2 −1 (x n − ct), we havẽ
(1.8)
Then, we find that the system (1.8) is the equation of time-like extremal hypersurface in Minkowski space R 1,n−1 .
Remark 3. The above results can be considered as the generalized Bernstein theorem of the time-like extremal surface in Minkowski space.
The equation (1.1) can be considered as the n-dimensional quasilinear wave equation. Most of the global results to nonlinear wave equations are concerned with Cauchy problem with small initial data, especially in high space dimensional case. Recently, one kind of large solution called "short pulse solution" are considered in [11] , [21] . For semilinear wave equations satisfying the null condition, global solution with large inital data is considered in [40] , [41] , [32] , [42] . Wang and Wei gave the global existence of short pulse solution to relativistic membrane equations [43] . For the stability of time-like extremal surface in Minkowski space, Brendle obtained the stability of a flat hyperplane for n ≥ 3 in [8] . Krieger and Lindblad [22] studied the radial perturbations of the static catenoid solution to hyperbolic vanishing mean curvature flow which are supported far away from the 'collar' of the catenoid. Donninger, Krieger, Szeftel and Wong [13] showed that the linear instability of catenoid is the only obstruction to the global nonlinear stability. In the following, we will consider the stability of traveling wave solutions with the speed of light for the time-like extremal hypersurface in 1 + (2 + 1) dimensional Minkowski space. The equation to time-like extremal hypersurface in R 1+(2+1) is as follows
where Q 0 (φ, ψ) . = φ t ψ t − φ x 1 ψ x 1 − φ x 2 ψ x 2 is the null form (see [20] , [2] ). Barbashov, Nesterenko and Chervyakov studied the nonlinear differential equations and obtained explicitly their general solutions to relativistic string in one dimensional case [5] . Milnor described all entire time-like minimal surfaces in the three-Minkowski space via a kind of Weierstrass representation [31] . Recently, for the vanishing mean curvature equation, the existence of global smooth solutions for small initial data has been addressed successfully by Lindblad [25] . Allen, Andersson and Isenberg [1] proved the small data global existence for timelike extremal submanifold with codimension larger than one. Here, we first consider the stability of a class of traveling wave solution with the velocity 1. We denote v(t, x) as a small perturbation of the traveling wave solution with the speed of light. By rotational symmetry, we assume that the traveling wave is of the form (ax 2 
where x = (x 1 , x 2 ). Then, we can get
(1.11)
We recast the system (1.11) as follows
Then, because of the traveling wave solutions, there is one more linear term in above system than the original system. We can also rewrite the system as
It is easily get the above system is also hyperbolic. Under the assumptionsH
) and ξ = t + x 1 , we shall consider the following Cauchy problem
with Supp { f, g} ⊂ {x| |x| ≤ 1} and f H s+1 + g H s < ε, s ≥ 13.
By the finite propagation speed of waves, we can obtain Supp u(t, ·) ⊂ {x| |x| ≤ t + 1}.
(1.14)
Then, we can get the following result Remark 5. Using the above main result, we can also get the interesting result above the stability of certain kind of traveling wave solution with the speed larger than 1. For n = 2, system (1.8) can be considered as the timelike extremal hypersurface in Minkoski space R 1+(1+1) . Using the result in [28] , there is an exact traveling solutions Φ(x 1 ± x ′ 2 ), The exact traveling wave solution of time-like extremal hypersurface in Minkowski space
, where the speed of traveling wave c is large than the speed of light. Using Lorentz transformatioñ
we can get the traveling wave solution Φ(
By the above main result of Theorem 1.1, we can get the stability of this kind of traveling wave solution.
Remark 6. The above result establishes the global existence of classical solutions for a class of large initial data of quasilinear wave equations.
By the local existence result of nonlinear wave equations with small initial data, we can get the classical solutions in the time interval [−2, 0]. For getting the global existence result for nonlinear wave equations, the now classical method is to use Lorentz invariance and introduce the Klainerman's vector fields. we will introduce operator Z which are infinitesimal generators of the Lorentz group as follows
However, Z operators does not communicate with multiplication of F ′ (x 1 + t) . Then we introduce the Γ operator
These operators will communicate with the linearized equation for u. Compared to the Z operators, the Γ operator has just one operator less. However, this is the crucial point to prove our main result. Although, we can also get the decay in the global Klainerman Sobolev inequality in Klein-Gorden equations without the commutator L 0 and wave equations with multiple speed without the commutator L i by the Klainerman-Sideris inequality. Here we can not get any decay of the classical solutions in t direction with only Γ operators. Because the effect of traveling wave solution, we will consider the system in Goursat coordinates. Fortunately, using the Goursat coordinates, we can get the decay in ξ direction, which is also more weak (only of exponent −1/4) than the usual Cauchy problem (which is −1/2 in t direction). It is another main difficulty in our problem. Therefore, in the following we can recast our problem to study the generalized Goursat problem. Let ξ = t + x 1 , η = t − x 1 , we consider the Goursat problem with the data as follows
and satisfy the compatibility condition of order s + 1 at the line (ξ, η) = (−1, −1). Moreover, by the local existence theorem of quasilinear wave equation, we have
where C 0 is a positive constant independent of ε. Moreover,
Noting (1.14), we can get
Therefore, we will consider the generalized Goursat problem in coordinates (ξ, η, x 2 ) instead of the original system.
Preliminaries
For getting the stability result of the traveling wave solutions, we will give the key estimates in this section, which plays an important role in proving our main result. Noting (1.18), in coordinates (ξ, η), we have
Firstly, the elementary facts about Γ operators are as follows Lemma 2.1. ( [27] )Noting the relations of Z and Γ, we can easily get
2)
Through a simple computation, we can also get
In the following, we will consider the estimates of the commutators in coordinates (ξ, η, x 2 ).
Lemma 2.2. In Goursat coordinates, for the null form Q 0 , there hold
|Q 0 (φ, ψ)| (2 + ξ) −1 (|Γφ||∇ψ| + |∇φ||Γψ|), (2.5) |Q 0 (φ, ψ)| (2 + η) −1 [|Γφ|(|ψ ξ | + |ψ x 2 |) + (|φ ξ | + |φ x 2 |)|Γψ|),(2.
6)
Proof. Noting the null form of (2.4), we have
Then, we can get the estimate of (2.5). By the similar way, we can easily obtain the estimate (2.6).
Lemma 2.3. Let φ having the compact support as (1.19) , we have
Proof. We first prove the estimate (2.7). It is only necessary to prove 9) provided that Supp f ⊂ {x 2 | |x 2 | < a}. In fact, we can get the desired estimate by takeing a = (3 + ξ)(3 + η), f = φ and taking L 2 -norm on the both side of (2.9) for η.
In a similar way, to prove (2.8), we only need to get
Without loss of generality, we may assume x 2 > 0 and f (a) = 0, then
Sobolev inequality
For proving our main result, in this subsection we will give Sobolev inequalities as follows Proposition 1. Let φ having the compact support as (1.19) , we have
Proof. We first consider the case |x 2 | ≤ √
. Then, we have
). (2.12)
When λ = 1, the above inequality follows from Nirenberg's inequality. Then the general case follows from the scaling. In our case, we take
Noting the definition of Γ, we can get
When ξ ≥ η, we apply one dimensional Sobolev inequality for the η variable to get |φ(ξ, η, x 2 )| (2 + η)
Therefore
then apply one dimensional Sobolev inequality for the x 2 variable, we can get
On the other hand, for the case of |x 2 | ≥ √
, we introduce the polar coordinates
Then, we can get
Similarly, we can get
Noting (2.17)(2.18), it is not difficulty to get 
By Proposition 1,
By Lemma 2.3 and Proposition 1, we get
Combining the above estimates, we can get the proof of the estimate (2.21). Using the similar procedures, we can get the estimate (2.22).
Corollary 1. Combining Proposition 1 and Proposition 2, we can get
3. Stability of the traveling wave solution with the form F(
In the following we will prove the stability of the traveling wave solution with the form F(x 1 + t), i.e. we take a = 0, b = 1 in (1.10). Then we can get the perturbed system of timelike extremal hypersurface in Minkowski space R 1+(2+1) as follows
We rewrite the system (3.1) as the following form
Under the weaker assumption than (H 1 )
we will prove the stability of traveling wave solution F(x 1 + t) to system (3.1). The proof of the general traveling wave solution (1.10) is similar to that of above theorem. In the end of this paper, we will point out the key difference in the proof.
We can rewrite system (3.2) in coordinates (ξ, η, x 2 ) as following
Taking the operator Γ k to the above equation and denoting u k = Γ k u, we have
For proving main result, we will give the energy estimates. Define the higher order energy 5) and the lower order energies
For getting the low order energy estimate, we also introduce the weighted lower derivative L ∞ norm estimates
where the parameter δ is an arbitrary positive small constant less than 3 20 .
Higher order energy estimates
In the subsection we will give the energy estimates terms by terms. For get our main result, firstly we introduce the weight function B(ξ) satisfying
Then, we have
where m, M are positive constants.
Firstly, multiplying (2 + ξ)
u kη e −B(ξ) to the equation (3.4), we can get the left hand side term (2 + ξ)
The right hand side terms are as follows
By the bound of e −B(ξ) and the decay property of B ′ (ξ), without loss of generality, we can estimate the right hand terms above without the weighted function e −B(ξ) . Then, the first term of the right hand side can be rewritten as
The second term of the right hand side is 2 (2 + ξ)
Then, the right hand side term as follows
Finally (2 + ξ)
(2 + ξ)
In the following we will estimate the above equation terms by terms. Firstly, we will deal with the term A 1 . Noting Proposition 1 and Proposition 2,
Noting Proposition 1 and Proposition 2, we can get
s .
By Lemma 3.2 and (3.6), Noting the assumption of H 1 ) and Proposition 2,
By Proposition 1 and Proposition 2, we can get (2 + ξ) [(2 + ξ)
s + e 3 2 sẽs + e
We will continue to estimate the second term of A 1 . Using Proposition 1 and Proposition 2, 2(2 + ξ)
Noting Proposition 2 and Corollary 1, we have
Therefore, we can get (2 + ξ)
Noting Proposition 1, we have (2 + ξ)
We note
Noting proposition 1 and corollary 1, the last term of A 1 2u kη Q 0 ((2 + ξ)
Using the similar method as (3.5)-(3.15) in the above inequality, we can get
In the following we will estimate the term A 2 .
By the assumption of F and Proposition 2, we first give the estimate (2 + ξ)
s E s .
Using the similar method, we can also get the estimate of last term. Then, noting (3.3), we can get
s E s (2 + ξ)
Here we only estimate the first term and the other terms can be obtained using the similar way. By Proposition 1 and Proposition 2, we have
s e 3 2 s + (2 + ξ) Noting the decay of F ′ and the above process, we will estimate the term A 3 For getting the estimation of the term A 4 , we will first estimate J k . Denote
Noting Lemma 3.2, Lemma 3.3 and Proposition 1,
Meanwhile,
s (2 + ξ)
and 
In the following we will estimate the above two parts separately.
For the case |k 5 | ≥ |k 6 |, by Corollary 1 and Lemma 3, we have
For the case |k 5 | ≤ |k 6 |, by Proposition 2 and Lemma 3, we have
The estimation of B 12 can be get using the similar way to B 11 . Next we will give the estimation of B 13 . For the case |k 5 | ≥ |k 6 |, by Corollary 1 and Lemma 3, we have
Using the similar procedures, we can get the estimate of B 2 . Then, we can get the estimate of J k1 .
In the following, we will give the estimation of J k2 . When
, the other case can be get easily.
For the case of |k 5 | ≥ |k 6 |, noting Corollary 1, we can get
For the case of |k 5 | ≤ |k 6 |, we can get
Furthermore, we will estimate the last term J k3 . When k 1 < k 2 , it is easily to get
(1 + e s )e 1 2 s (2 + ξ)
s (2 + ξ) Then, the estimation of A 4 can be got There is only last term A 5 to be estimated. Then, we get the all estimates of (3.8).
Multiplying (2 + ξ)
u kξ e B(ξ) to the system (3.4) and integrating it about ξ, x 2 and η, we can get the left hand side parts of system 4 (2 + ξ)
The right hand side parts can be obtained as follows
and II 2 = 4 (2 + ξ)
Noting (2.21),
Then, the last term of the above equation can be rewritten as
Therefore,
then, we have 2Q 0 ((2 + ξ)
Furthermore, noting
then we can rewrite u k as follows
Substituting the above equations into (3.36), we can get 1 20 (2 + ξ)
In the following we also deal with the term
Using the integration by parts, we have
Then,
Finally, we can get 1 20 (2 + ξ)
Therefore, (2 + ξ)
In the following, we will estimateĀ i , i = 1, · · · , 14 respectively. Using the similar procedures to (3.8) and (3.14), (3.18), we can get the estimations ofĀ 1 andĀ 2
s + e 3 2 sẽs + e 2 s )E s , (3.41)
Noting the estimate of A 2 , we can get Furthermore, noting Proposition 3 and Corollary 1,
(1 + e s ) (2 + ξ) 
Noting Corollary 1, we can get 
Similar to the estimate of the term A 4 , we will first estimate J k . Let
Without loss of generality, we assume |k 3 |, |k 4 | ≤ [ 
(3.50)
(1 + e s )(2 + η)
By the definition of Γ operator, we have
Then, noting Lemma 3, Proposition 1 and Proposition 2,
Therefore, we can obtain
Meanwhile, noting Proposition 2, we can get
(1 + e s )e s (2 + ξ)
and noting the estimate of k k11
, we have
When k 5 ≤ k 6 , noting Lemma 2, we have
sẽs + e 
It is easy to get the estimate of second part |Γ
Then, we can get the estimate of J k1 . In the following, we will give the estimation of J k2 . When
For the case of |k 5 | ≥ |k 6 |, noting Corollary 1,
For the case of |k 5 | ≤ |k 6 |, noting Lemma 2.2 and Lemma 2.3, we can have
Moreover, it is easily to get the estimate
Then, the estimation of A 4 can be getĀ
where,Ā
(1 + e s ) (2 + ξ)
]dξdηdx 2 (3.59) (1 + e s ) (2 + ξ) (1 + e s ) (2 + ξ) Then, we can get the stability of the traveling wave solution F(x 1 + t) to the time-like extremal hypersurface in Minkowski space R 1+(2+1) .
Remark 7. Here we will give the difference of the proof of stability result to the general traveling wave solutions (a + bx 2 )F(x 1 + t). There is one more term Q 0 (u, Fu x 2 ) in (1.12) than the terms in (3.2). In the proof of stability result, the main step is to get the decay of the variables ξ and η. We can get the following two decay estimates There is at least one good derivative in the right hand side. Using the similar procedures, we can get the main stability result for the traveling wave solutions with the general form. We omit the details.
